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This paper presents the details of a methodology for predicting the thermoelastic properties degradation in general sym-
metric laminates with uniform ply cracks in some or all of the 90 layers. First, a stress transfer method is derived by using
the concept of state space equation. The laminate can be subjected to any combination of in-plane biaxial and shear load-
ing, and the uniform thermal loading is also taken into account. The method takes into account all independent material
constants and guarantees continuous ﬁelds of all interlaminar stresses across interfaces between material layers. By this
method, a laminate may be composed of an arbitrary number of monoclinic layers and each layer may have diﬀerent mate-
rial property and thickness. Second, the concept of the eﬀective thermoelastic properties of a cracked laminate is intro-
duced. Based on the numerical solutions of specially designed loading cases, the eﬀective thermoelastic constants of a
cracked laminate can be obtained. Finally, the applications of the methodology are shown by numerical examples and
compared with numerical results from other models and experiment data in the literature. It is found that the theory pro-
vides good predictions of the thermoelastic properties degradation in general symmetric laminates.
 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
When multi-layer laminated composites are subjected to in-plane tensile loading, the ﬁrst damage is often
matrix cracking in the 90 plies, i.e. transverse cracking. Although this type of damage is not critical to a struc-
tural failure, it causes degradation in the thermoelastic properties of a laminate including changes in the eﬀec-
tive Young’s moduli, Poisson’s ratios, and thermal expansion coeﬃcients. Furthermore, the transverse
cracking usually leads to other types of damage, such as delamination and ﬁber breaks and provides pathways
for moisture or corrosive liquids. Consequently, to make the best use of the materials, it is very important to
fully understand the properties degradation induced by transverse cracks.
Many researchers have used a variety of methods to attempt to evaluate the stress distribution, the crack
initiation and propagation and the stiﬀness degradation. These include analytical (Aveston and Kelly, 1973;0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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5500 D. Zhang et al. / International Journal of Solids and Structures 44 (2007) 5499–5517Reifsnider and Talug, 1980; Ogin et al., 1985; Talreja, 1985; Hashin, 1985; Allen et al., 1987; Han et al., 1988;
Lim and Hong, 1989; Varna and Berglund, 1991; McCartney, 1996, 1998, 2000, 2003; Adolfsson and Gud-
mundson, 1997; Zhang and Herrmann, 1998; Abdelrahman and Nayfeh, 1999; Joﬀe and Varna, 1999; Whit-
ney, 2001; McCartney and Schoeppner, 2002; Amara et al., 2006; Tounsi et al., 2006), numerical (Bowles,
1984; Herakovich and Hyer, 1986; Kim and Hong, 1991; Yuan and Selek, 1993; Li et al., 1994; Berthelot
et al., 1996; Tong et al., 1997) and semi-analytical (Dong and Goetshel, 1982; Ye and Soldatos, 1994, 1995;
Sheng and Ye, 2003; Ye et al., 2004; Zhang et al., 2006a,b) methods. Detailed reviews of the existing theoret-
ical methods can be found in Kant and Swaminathan (2000) and Zhang et al. (2006a).
The analytical analyses include shear lag method, continuum damage model, variational approach, etc.
However, the majority of the analytical methods were restricted to laminates with cross-ply conﬁgurations
because the assumption of extension-shear uncoupling in the constitutive equation of a lamina is not applica-
ble to an oﬀ-axis ply.
The numerical approaches include ﬁnite element method and ﬁnite diﬀerence method. Although the
often used numerical method, ﬁnite element method, is probably one of the most universal methods that
can be applied to problems involving any cross section and lamination proﬁle, it is sometimes quite com-
putational expensive and even unreliable for interlaminar stress analysis of multi-layered laminates,
because the need to have suﬃcient elements in through-thickness direction combined with the undesirabil-
ity of using ﬁnite elements with high aspect ratios leads to the requirement for many elements, especially
in the region of a free edge or ply crack surface. In addition, it is very diﬃcult and computational expen-
sive for a ﬁnite element method to guarantee the continuity of both tractions and displacements between
interlaminar layers.
The semi-analytical solutions include the state space method and the state space ﬁnite element method. The
state space method is a very eﬀective tool to analyse laminates having rectangular shapes and simple boundary
conditions. The term ‘state space’ is often used in connection with linear control system where the principal
concern is the relationship between inputs and outputs, i.e. the state space equation. For a laminate, the
key point to establish the state space equation is how to assume suitable displacement expressions and in-plane
Fourier series expansions, which must satisfy the boundary conditions and could be eliminated during further
derivation. The state space ﬁnite element method, which combines the traditional ﬁnite element method and
the recursive formulation of state space equation, is capable of dealing with problems involving irregular
shapes and complex boundary conditions.
Based on the methods used to formulate the constitutive relations of cracked laminates, the published work
concerning property degradation of a laminated composite can be classiﬁed in two groups. The ﬁrst group,
including the work by Hashin, 1985; Han et al., 1988; Lim and Hong, 1989; Varna and Berglund, 1991;
McCartney, 1996, 1998, 2000, 2003; Adolfsson and Gudmundson, 1997; Zhang and Herrmann, 1998; Joﬀe
and Varna, 1999; McCartney and Schoeppner, 2002; Amara et al., 2006; Tounsi et al., 2006, evaluated the
stress distribution in a representative volume element (RVE) between two neighboring cracks and established
the relationship between the applied loads and the laminate’s overall response. The second group, including
the work done by Talreja, 1985; Allen et al., 1987 and Han and Hahn, 1989, evaluated the locally averaged
constitutive properties from a damaged local volume so that the eﬀect of the internal damage was reﬂected
in the constitutive equations rather than boundary conditions.
Relatively less attention has been paid to the analysis of stiﬀness degradation in angle-ply laminates
because of the complexity of the problem. Also little investigation has been done on the reduction of ther-
mal expansion coeﬃcients in laminates. This paper presents a solution to the thermoelastic constants
reduction in general symmetric laminates using a stress analysis method. The method is developed on
the basis of an early version of the state space method (Zhang et al., 2006b) that has been successfully
used to analyse cross-ply laminates. Numerical solutions are obtained by using layer reﬁnement through
the thickness and Fourier series expansion in the width direction. By this approach, a symmetric angle-ply
laminate may be composed of an arbitrary number of monoclinic layers and each layer may have a dif-
ferent material property and thickness. After introducing the concept of the eﬀective thermoelastic prop-
erties of a cracked laminate, the degradations of Young’s moduli, Poisson’s rations, shear moduli, and
thermal expansion coeﬃcients are predicted and compared with those obtained from other methods or
available test results.
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2.1. State space method
2.1.1. An oﬀ-axis lamina
Consider an oﬀ-axis lamina (Fig. 1) with principal directions (1–2–3) in the global x–y–z coordinate system.
The lamina has constant thickness h, width L and inﬁnite length. The displacements in the x, y and z directions
are denoted by u, v and w, respectively. Suppose that the lamina is subjected to a uniform tension by the appli-
cation of a constant longitudinal strain e0 in the y direction. The lamina is made of a homogeneous, mono-
clinic and linearly elastic material whose principal directions, i.e. ﬁber directions 1 and 2 have an angle of h
to the x and y axes, respectively.
(a) Stress–strain relations.
The basic constitutive equation for the thermoelastic stress analysis is (Herakovich, 1989)frg ¼ ½Cðfeg  feTgÞ: ð1Þ
Here, the matrices [C], {e}, and {eT} are stiﬀness matrix, mechanical strains, and thermal strains, respectively.
For a linearly elastic and orthotropic material,½C ¼
C011 C
0
12 C
0
13 0 0 C
0
16
C012 C
0
22 C
0
23 0 0 C
0
26
C013 C
0
23 C
0
33 0 0 C
0
36
0 0 0 C044 C
0
45 0
0 0 0 C045 C
0
55 0
C016 C
0
26 C
0
36 0 0 C
0
66
2
666666664
3
777777775
; ð2Þwhere the C0ij are stiﬀness coeﬃcients that can be expressed in terms of Young’s moduli, Poisson’s ratios, and
shear moduli. In Eq. (1),feg ¼ ½exx eyy ezz eyz exz exy T; ð3Þ
feTg ¼ fagDT ; ð4Þwhere DT denotes temperature change and the strains are deﬁned in the usual way. The thermal constant vec-
tor consists offag ¼ ½ax ay az 0 0 axy T; ð5Þ
In which, ax, ay, az and axy are the coeﬃcients of axial thermal expansion relative to the x, y, z directions and
shear thermal expansion in the x–y plane, respectively.L
2
1
h
Z, 3 X
Y
0ε
0ε
θ
Fig. 1. Nomenclature of an oﬀ-axis lamina.
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oz
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8>>>><
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ð6Þ(c) Strain–displacement relations.exx ¼ ouox ; eyy ¼
ov
oy
; ezz ¼ owoz
eyz ¼ owoy þ
ov
oz
; exz ¼ ouoz þ
ow
ox
; exy ¼ ouoy þ
ov
ox
:
8><
>>: ð7ÞConsidering that the lamina is subjected to a uniform extension e0 in the y direction, it follows thateyy ¼ ovoy ¼ e0: ð8ÞThen the generalized plane strain deformation is assumed such that all components of stress and strain do not
depend upon y.
To facilitate the following deduction process, leta ¼ oox; C1 ¼ C013=C033; C2 ¼ C011  C0213=C033; C3 ¼ C012  C013C023=C033;
C4 ¼ C022  C0223=C033; C5 ¼ C023=C033; C6 ¼ C036=C033;C7 ¼ 1=C033; C8 ¼ 1=C055;
C9 ¼ C016  C013C036=C033; C10 ¼ C026  C023C036=C033; C11 ¼ C045=D; C12 ¼ C044=D; C13 ¼ C055=D;
C14 ¼ C066  C0236=C033; D ¼ C0245  C044C055:
ð9ÞFrom the third equation of Eqs. (1) and (7), the following relation is obtainedow
oz
¼ C1auþ C6avþ C7rzz þ C5e0  ðC1ax þ C5ay þ C6axy  azÞDT : ð10ÞBy substituting Eq. (7) into the ﬁrst, second and sixth equations of Eq. (1), the in-plane stresses can be ex-
pressed asrxx
ryy
rxy
8><
>:
9>=
>; ¼
C2a C9a C1
C3a C10a C5
C9a C14a C6
2
64
3
75
u
v
rzz
8><
>:
9>=
>;þ
C3
C4
C10
8><
>:
9>=
>;e0 
C2ax þ C3ay þ C9axy
C3ax þ C4ay þ C10axy
C9ax þ C10ay þ C14axy
8><
>:
9>=
>;DT : ð11ÞInserting Eq. (11) into Eq. (6) and considering Eq. (10) as well as the fourth and ﬁfth equations of Eq. (1), the
following ﬁrst order partial diﬀerential equation can be obtainedo
oz
u
v
w
rxz
ryz
rzz
8>>>>><
>>>>:
9>>>>>=
>>>>;
¼
0 0 a C12 C11 0
0 0 0 C11 C13 0
C1a C6a 0 0 0 C7
C2a2 C9a2 0 0 0 C1a
C9a2 C14a2 0 0 0 C6a
0 0 0 a 0 0
2
666666664
3
777777775
u
v
w
rxz
ryz
rzz
8>>>>><
>>>>:
9>>>>>=
>>>>;
þ
0
0
C5e0ðC1axþC5ayþC6axyazÞDT
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
:
ð12Þ
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 
vðx; y; zÞ ¼ vðx; zÞ þ V ð0ÞðzÞ 1 2xL
 þ e0y;
wðx; y; zÞ ¼ wðx; zÞ
8><
>: ð13Þwhere U(0)(z) and V(0)(z) are unknown boundary displacements that can be determined by imposing traction
free conditions along stress free surfaces (see Section 2.1.3). For the displacement ﬁelds and the transverse
stresses, the following Fourier series expansions are assumedu
v
w
rxz
ryz
rzz
8>>>><
>>>>>:
9>>>>=
>>>>>;
¼
X1
m¼0
UmðzÞ sinðnxÞ
V mðzÞ sinðnxÞ
W mðzÞ cosðnxÞ
XmðzÞ sinðnxÞ
Y mðzÞ sinðnxÞ
ZmðzÞ cosðnxÞ
8>>>><
>>>>>:
9>>>>=
>>>>>;
; ð14Þwhere n = mp/L. In the case of a uniform extension, the axial displacement u is zero at x = L/2. Hence, the
integer m in Eq. (14) takes only even numbers, i.e. m = 0,2,4, . . .
By introducing Eqs. (13) and (14) into (12) and expanding x and 1 appearing in the polynomial function of
Eq. (13) into Fourier series, as followsx ¼  2L
p
X1
m¼0
cosmp
m
sin
mpx
L
l ¼ 2
p
X1
m¼0
1 cosmp
m
sin
mpx
L
8>>><
>>>:
; ð15Þthe following non-homogenous state space equation for an arbitrary value of m is obtainedd
dz
fFmðzÞg ¼ ½GmfFmðzÞg þ fBmðzÞg; ð16aÞwherefFmðzÞg ¼ ½ UmðzÞ V mðzÞ W mðzÞ XmðzÞ Y mðzÞ ZmðzÞT; ð16bÞ
½Gm ¼
0 0 n C12 C11 0
0 0 0 C11 C13 0
C1n C6n 0 0 0 C7
C2n
2 C9n
2 0 0 0 C1n
C9n
2 C14n
2 0 0 0 C6n
0 0 0 n 0 0
2
666666664
3
777777775
; ð16cÞ
fB0ðzÞg ¼ ½0; 0;C5e0  ðC1ax þ C5ay þ C6axy  azÞDT 2C1L U
ð0ÞðzÞ  2C6
L
V ð0ÞðzÞ; 0; 0; 0T; ð16dÞ
fBmðzÞg ¼  2mp ð1þ cosmpÞ
dU ð0ÞðzÞ
dz
; 2
mp
ð1þ cosmpÞ dV
ð0ÞðzÞ
dz
; 0; 0; 0; 0
 T
ðm ¼ 2; 4; 6; . . .Þ ð16eÞThe solution of the non-homogenous state space Eq. (16) isfFmðzÞg ¼ e½GmzfFmð0Þg þ
Z z
0
e½GðzsÞfBmðsÞgds
¼ ½DmðzÞfFmð0Þg þ fHmðzÞg; z 2 ½0; h:
ð17Þ
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where [Dm(h)] is called transfer matrix. The calculation of the two constant matrices, [Dm(h)] and {Hm(h)}, in
Eq. (18) can be found from Ye (2003).
2.1.2. A multi-layer angle-ply laminate
Consider an inﬁnite long multi-layered general angle-ply laminate of thickness H and width L. Again the
laminate is subjected to a constant longitudinal strain, e0.We may imagine that it is composed of N ﬁctitious
sub-layers, each of which may have diﬀerent thickness. However, it is assumed that the thickness of all the
ﬁctitious sub-layers approach zero uniformly as N approaches inﬁnity. Assuming, in addition, that diﬀerent
sub-layers may be composed of diﬀerent monoclinic materials, two types of materials interfaces are distin-
guished in the plate; the ﬁctitious interfaces which separate sub-layers with the same material properties
and the real ones that separate sub-layers composed of diﬀerent materials. Upon choosing a suitably large val-
ue of N, each individual sub-layer becomes thin and, as a result, Eqs. (16)–(18) are considered to be adequate
for the solutions of these thin plates. The state space equation and the form of solution of an arbitrary sub-
layer, e.g. the jth one whose thickness is hj, can easily be obtained by replacing h with hj in Eqs. (16)–(18). The
state space equation of the jth sub-layer then becomes:d
dz
fFmðzÞgj ¼ ½GmjfFmðzÞgj þ fBmðzÞgj: ð19ÞAfter repeating the above process for all individual sub-layers and with appropriate continuity require-
ments imposed at all the real and ﬁctitious interfaces, a solution for the entire laminate can be formu-
lated. Also, the solution can be found to the required accuracy by increasing the total number of the
thin layers.
In order to ﬁnd the solution of the problem, we must solve ﬁrst the unknown displacements, U(0)(z) and
V(0)(z) in Eq. (16). If the ﬁctitious sub-layers of the laminate are all suﬃciently thin, it is reasonable to assume
that the displacements, U(0)(z) and V(0)(z) within the thin layer are linearly distributed in the z direction, i.e.U ð0Þj ðzÞ ¼ Uj ð1 zhjÞ þ Uþj zhj
V ð0Þj ðzÞ ¼ V j ð1 zhjÞ þ V þj zhj
;
8<
: z 2 ½0; hj; j ¼ 1; 2; . . . ;N ; ð20Þwhere Uj , U
þ
j , V

j and V
þ
j are the values of U
ð0Þ
j ðzÞ and V ð0Þj ðzÞ at the top and bottom surfaces of the jth
thin layer, respectively. Inserting Eq. (20) into Eqs. (16d) and (16e), vector {Bm(z)}j in Eq. (19) can be
expressed asfB0ðzÞgj ¼ ½0; 0;C5e0  ðC1ax þ C5ay þ C6axy  azÞDT
 2C1
L
Uj ð1
z
hj
Þ þ Uþj
z
hj
 
 2C6
L
V j ð1
z
hj
Þ þ V þj
z
hj
 
; 0; 0; 0T; z 2 ½0; hj; ð21aÞ
fBmðzÞgj ¼
4
mp
Uj  Uþj
hj
;
4
mp
V j  V þj
hj
; 0; 0; 0; 0
 T
; ðm ¼ 2; 4; 6; . . .Þ ð21bÞThe solution of Eq. (19) at z = hj isfFmðhjÞgj ¼ ½DmðhjÞjfFmð0Þgj þ fHmðhjÞgj: ð22Þ
By introducing the following continuity conditions at all interfaces, i.e.fFmð0Þgjþ1 ¼ fFmðhjÞgj; j ¼ 1; 2; . . . ;N 1; ð23Þ
and then using Eqs. (22) and (23) recursively, a relationship between the state vectors on the upper and bottom
surfaces of the plate is established as follows:fFmðhNÞgN ¼ ½DmNfFmð0Þg1 þ f Hmg; ð24aÞ
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Y1
j¼N
½DmðhjÞj
 !
; ð24bÞ
f Hmg ¼
Y2
j¼N
½Dmj
 !
fHmg1 þ
Y3
j¼N
½Dmj
 !
fHmg2 þ    þ fHmgN : ð24cÞ{Fm(hN)}N and {Fm(0)}1 are, respectively, the state vectors at the top and bottom surfaces of the laminated
plate. Upon using the traction free conditions at the top and bottom surfaces, the following stress conditions
are obtained½Xmð0Þ Y mð0Þ Zmð0Þ ¼ ½0 0 0T
½XmðhN Þ Y mðhN Þ ZmðhN Þ ¼ ½ 0 0 0T
(
: ð25ÞSubstituting Eq. (25) into Eq. (24) yields the following linear algebra equation systemD41 D42 D43
D51 D52 D53
D61 D62 D63
2
64
3
75
Um
V m
W m
8><
>:
9>=
>;
1
¼ 
Hm4
Hm5
Hm6
8><
>:
9>=
>;; ð26Þwhere Dij and Hmi are the relevant elements in ½Dm and f Hmg, respectively.
Eq. (26) is a set of linear algebra equations in terms of the three displacement components, Um, V m
and Wm, at the top surface. The free terms of Eq. (26), Hm4, Hm5 and Hm6, contain 4 · N unknown
constants, Uj , U
þ
j , V

j , and V
þ
j (j=1, 2,. . .,N), introduced in Eq. (20). Because of the continuity of
U(0)(z) and V(0)(z) at the interface between the jth and the (j+1)th sub-layers, the relation-
ships,Uþj ¼ Ujþ1 and V þj ¼ V jþ1 (j=1,2, . . . ,N-1), are obtained. Hence, the number of unknown con-
stants is then reduced to 2(N+1). These constants are determined by introducing appropriate
boundary conditions.2.1.3. Boundary conditions of transverse cracks
When a general angle-ply laminate is subjected to an in-plane extension perpendicular to the 90
ﬁbers, transverse ply cracks appear parallel to the ﬁbers and across the entire width from edge to edge.
For example the [hm/90n//s] laminate (Fig. 2) under uniform biaxial extension, e0 and F0, shear load-
ing, S0, and thermal loading, DT displays an array of periodic cracks in the 90n layers, where the sub-
scripts denote the number of the real plies within a ply group. It is worth mentioning that the number
of separate ply groups may be greater than the number of ﬁber orientations when the plies having the
same ﬁber orientation are stacking separately in several consecutive ply groups, e.g. 90 plies in the [0/
90/30/90/0] lay-up. Assuming that the distribution of the cracks is equally spaced, a representative
element (Fig. 3) can be taken out from two neighboring cracks to predict the stress and displacement
ﬁelds.
In order to use the recursive formulations the representative element is further divided into N ﬁctitious sub-
layers. Again, each sub-layer may have diﬀerent thickness and may be composed of diﬀerent monoclinic
materials.
For the cracked layers at x = 0, L the boundary conditions are traction free, i.e.rxz ¼ rxy ¼ rxx ¼ 0: ð27ÞIt can be seen from Eq. (14) that rxz = 0 is satisﬁed automatically along the transverse cracks (x=0, L). The
remaining boundary conditions to be satisﬁed are rxy = r xx = 0. Due to symmetry, we only impose the
LH
0ε
0ε
F0
F0
S0
S0
X
Y
Z
θ°m
90°n
φ°s
ΔT
Fig. 2. Schematic of a [hm/90n//s] laminate with an array of transverse ply cracks in 90n layers.
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yields the following equationrxx ¼
P
m
½C2n UmðzÞ þ C9nV mðzÞ  C1ZmðzÞj þ ½C3e0  ðC2ax þ C3ay þ C9axyÞDT j
 2C2L U ð0ÞðzÞ þ 2C9L V ð0ÞðzÞ
 	
j
¼ 0;
rxy ¼
P
m
½C9n UmðzÞ þ C14nV mðzÞ  C6ZmðzÞj þ ½C10e0  ðC9ax þ C10ay þ C14axyÞDT j
 2C9L U ð0ÞðzÞ þ 2C14L V ð0ÞðzÞ
 	
j
¼ 0:
8>>>>><
>>>>>:
ð28ÞFor the uncracked layers at x = 0,L, due to the fact that the laminate is subjected to uniform extension,
shear and thermal loading, the displacements of an arbitrary layer in the x and y directions, u and v, remain
constant, that isuð0; y; zÞ ¼ u0
vð0; y; zÞ ¼ v0


: ð29ÞConsider only the boundary conditions at x=0 in the plane of y=0. Substituting Eq. (29) into Eqs. (13) and
(14) yielduð0; 0; zÞ ¼ U ð0ÞðzÞ ¼ u0
vð0; 0; zÞ ¼ V ð0ÞðzÞ ¼ v0
(
ð30ÞFrom the equilibrium of the internal and external forces, the following equation existsR
h rxxdz ¼ F 0R
h rxydz ¼ S0
(
ð31Þθ °m
90°n
φ°s
X
Z
L
H
Fig. 3. A representative element of a [hm/90n//]s laminate with ply cracks in 90n layers.
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cracked ply contains Nc ﬁctitious sub-layers. Then there exit (Nc  1) interfaces which result in 2(Nc  1)
unknown constants in the cracked layers. In addition to the two unknown constants in the uncracked layers,
there are 2Nc independent unknown constants in Eq. (26). In order to solve these constants and also the three
displacement components of the top surface (see Eq. (26)), the traction free condition, Eq. (28), are imposed at
the intersections between the crack surface and the (Nc  1) interfaces. This process yields 2(Nc  1) indepen-
dent linear algebra equations. Along with Eq. (31) and the three equations from Eq. (26), the three displace-
ment components and the 2Nc unknown constants can ﬁnally be solved. Once the equation system is solved,
all the displacements and stresses can be obtained by substituting the solutions to the state space equations
shown in previous sections.3. Thermoelastic properties degradation
3.1. Eﬀective thermoelastic constants of a cracked laminate
Consider an angle-ply laminate (Fig. 2) containing uniform transverse cracks. Accurate stress and displace-
ment solutions of the representative element (Fig. 3) can be obtained by the state space equations introduced
in Section 2. According to the Classical Laminate Theory, it is assumed that the overall deformation of the
cracked laminate and the applied mechanical and thermal loads follow thate0x
e0y
e0xy
kx
ky
kxy
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>>>>>:
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>>>>>;
DT ; ð32Þwhere e0x , e
0
y and e
0
xy are the mid-plane strains; kx, ky and kxy are the curvatures; Nx, Ny and Nxy are the applied
in-plane forces; Mx, My and Mxy are the applied bending and twisting moments; and D T is the temperature
change. The eﬀective compliances Sij (i, j = 1,2, . . . , 6) and eﬀective thermal expansion coeﬃcients ai
(i = 1,2, . . . , 6) remain to be determined.
For general symmetric laminates, e.g. [30/90]s, the tension-bending coupling compliances Sij (i = 1,2,3;
j = 4,5) and the tension-twisting coupling compliances Sij (i = 1,2,3; j = 6) are zero. Thus the reference plane
strains are related only to in-plane forces as follows:e0x
e0y
e0xy
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>:
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>;DT : ð33ÞFor balanced symmetric laminates, e.g. [±30/904]s, Eq. (32) turns toe0x
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>:
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>;DT : ð34ÞThe in-plane eﬀective thermoelastic constants of the cracked laminates can be obtained by the following
relationships.
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1
HS22
;Gxy ¼ 1HS33 ;
mxy ¼  S12S11 ; myx ¼ 
S12
S22
; gsx ¼
S13
S33
;
gxs ¼
S13
S11
; gys ¼
S23
S22
; gsy ¼
S23
S33
;
ð35Þwhere H is the total thickness of the laminate; Ex and Ey are eﬀective Young’s moduli in the x- and y-direc-
tions, respectively; Gxy is the eﬀective shear modulus; mxy and myx are eﬀective Poisson’s ratios; and gsx, gxs, gys,
and gsy are eﬀective shear coupling coeﬃcients. For balanced symmetric laminates, the eﬀective shear coupling
coeﬃcients vanish because the eﬀective laminate compliances S13 and S23 in Eq. (34) are zero.
3.2. Calculation of eﬀective thermoelastic constants
In order to calculate the in-plane eﬀective thermoelastic constants, the related eﬀective laminate complianc-
es must be ﬁrst solved. These compliances can be determined by the solutions of the following specially
designed loading cases.½Nx Ny Nxy DT  ¼ ½ 1 0 0 0 ; ð36aÞ
½Nx Ny Nxy DT  ¼ ½ 0 1 0 0 ; ð36bÞ
½Nx Ny Nxy DT  ¼ ½ 0 0 1 0 ; ð36cÞ
½Nx Ny Nxy DT  ¼ ½ 0 0 0 1 : ð36dÞEqs. (36a), (36b), (36c) and (36d), respectively, represent the loading cases in which a laminate is subjected to a
unit force in the x-direction, a unit force in the y-direction; a unit shear in the x–y plane, and a unit uniform
temperature increase.
Substituting the values of the four sets of applied loading and related deformations into Eq. (33) or (34), all
the compliances, Sij (i, j = 1,2,3) and eﬀective thermal expansion coeﬃcients ai (i = 1,2,3), related to the in-
plane deformations are determined, respectively, asS11 ¼ e0x ; S12 ¼ e0y ; S13 ¼ e0xy ; ð37aÞ
S12 ¼ e0x ; S22 ¼ e0y ; S23 ¼ e0xy ; ð37bÞ
S13 ¼ e0x ; S23 ¼ e0y ; S33 ¼ e0xy ; ð37cÞ
a1 ¼ e0x ; a2 ¼ e0y ; a3 ¼ e0xy : ð37dÞThen the in-plane eﬀective thermoelastic constants of the cracked laminates can be calculated by Eq.
(35).
4. Numerical results
4.1. Balanced symmetric laminates
In order to validate the methodology described above, a group of balanced glass ﬁber/epoxy laminates with
lay-up [±h/904]s, h = 0,15,30,40, are considered. All plies of the laminates have the same thickness
0.144 mm, and have the following material properties.EL ¼ 44:73 GPa; ET ¼ 12:76 GPa; GLT ¼ 5:8 GPa;
GTT ¼ 4:49 GPa; mLT ¼ 0:297; mTT ¼ 0:42:Joﬀe and Varna (1999) predicted stiﬀness reduction of such laminates by shear lag model, variational
approach, and ﬁnite element (FE) method. They also carried out experiments to measure changes of the
eﬀective Young’s moduli and the eﬀective Poisson’s ratios. Figs. 4–11 show the results of present method,
shear lag-2 model, FE analysis and experiment data. For the purpose of comparison, the eﬀective thermo-
D. Zhang et al. / International Journal of Solids and Structures 44 (2007) 5499–5517 5509elastic constants of the damaged laminates are normalized by those of the undamaged ones that are indicated
by a superscript ‘’.
It can be seen from Figs. 4–9 that the agreements between the theoretical models and experimental data
are reasonable. Generally, the present method slightly underestimates the properties degradationm, which
is expected from an accurate stress model. The reason for this is that the analytical model only includes
damage due to transverse cracking and ignores other forms of damage such as ﬁber matrix interfacial slid-
ing that reduces the stiﬀness during a test. None of the models is able to compare with the test results for
the [±40/904]s laminate in Figs. 10 and 11. This may be attributed to the early damage occurring in out-
er layers of the laminate that is not included in the models (Joﬀe and Varna, 1999). The eﬀective shear
moduli of the glass ﬁber/epoxy laminates are presented in Fig. 12 without available results to compare.
As indicated in the ﬁgure, there is a descending tendency for shear moduli reduction with the increase
of ﬁber orientation.
McCartney (1996, 2000) derived various inter-relationships for the thermoelastic constants of cracked and
uncracked general symmetric laminates. It is expected that high quality results will obey these relationships. In
order to further validate the present method, the numerical solutions of the above four balanced glass ﬁber/
epoxy laminates with lay-up [±h/904]s, h = 0,15,30,40, are tested by the following inter-relationship, in
which all variables are deﬁned by Eqs. (98), (115) and (116) in McCartney (2000).Fig. 4.~mA
~EA
 ~mAðxÞ
~EAðxÞ
1
~EAðxÞ
 1
~EA
¼ k: ð38ÞThe eﬀective Young’s moduli, the eﬀective Poisson’s rations and the inter-relationship test results of all the
four lay-ups are listed in Table 1. It is found the present predictions satisfy the inter-relationship well with only
a very small percentage error.
McCartney and Schoeppner (2002) presented a series of tabulated data for cross-ply laminates having
uniform and non-uniform transverse crack distributions. A detailed comparison indicated that these data
are very accurate and herein they are utilized to verify the present method. The numerical results of uni-
form crack distribution for the glass/epoxy laminates with lay-up [0/902]s are given in Table 2. The trans-
verse crack density is assumed to be 0.5 cracks per mm. The material properties for the glass/epoxy
laminate are:EL ¼ 45:6 GPa;ET ¼ 16:2 GPa;GLT ¼ 5:83 GPa;
GTT ¼ 5:786 GPa;mLT ¼ 0:297; mTT ¼ 0:42;
aL ¼ 8:6 106=C;aT ¼ 26:4 106=C:0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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Dependence of the normalized Young’s modulus of a [±0/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 5. Dependence of the normalized Poisson’s ratios of a [±0/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 6. Dependence of the normalized Young’s modulus of a [±15/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 7. Dependence of the normalized Poisson’s ratios of a [±15/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Schoeppner (2002)’s results.
A quasi-isotropic carbon ﬁber reinforced epoxy [45/45/0/90]s laminate is considered by McCartney
(1996). The thermoelastic constants for a unidirectional ply are:EL ¼ 136:6 GPa; ET ¼ 9:79 GPa; GLT ¼ 6:474 GPa;
GTT ¼ 3:364 GPa; mLT ¼ 0:286; mTT ¼ 0:455:
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Fig. 10. Dependence of the normalized Young’s modulus of a [±40/904]s glass ﬁber/epoxy laminate on the density of cracks in 90
layers.
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Fig. 8. Dependence of the normalized Young’s modulus of a [±30/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 9. Dependence of the normalized Poisson’s ratios of a [±30/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
D. Zhang et al. / International Journal of Solids and Structures 44 (2007) 5499–5517 5511Each ply has the thickness 0.125 mm. McCartney (1996) calculated the stiﬀness degradation with ply reﬁne-
ment parameter (n = 1–5). It was considered that the number of sub-layers (n = 5) in each ply appear to con-
verge suﬃciently to provide an accurate prediction. In consequence McCartney (1996)’s predictions by using
ply reﬁnement parameter (n = 5) are adopted in this and the following examples. The eﬀective Young’s mod-
ulus, eﬀective Poisson’s ration and eﬀective shear modulus as a function of crack density are plotted in Figs.
13–15, respectively. As seen from the ﬁgures, the present results slightly underestimate the values of the eﬀec-
tive elastic constants at the low crack densities but trend to match McCartney (1996)’s predictions towards
high crack densities. In general, the collation between the results of these two methods is very good.
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Fig. 11. Dependence of the normalized Poisson’s ratios of a [±40/904]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 12. Dependence of the normalized shear moduli of a group of glass ﬁber/epoxy laminates on the density of cracks in 90 layers.
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McCartney (1996) also calculated the eﬀective thermoelastic constant degradations of an unbalanced glass
ﬁber/epoxy laminate [30/90]s with ply cracks in 90 plies. The ply thickness is 0.25 mm and all plies have the
same material properties as the above glass/epoxy laminate in McCartney and Schoeppner (2002).
For an unbalanced symmetric laminate, there exists tension-shearing coupling. Figs. 16–19 show the com-
parisons of the stiﬀness reductions, including the eﬀective Young’s modulus Ex, Poisson’s ratio mxy, shear mod-
ulus Gxy and shear coupling coeﬃcient gxs. Figs. 20 and 21 show the results of the eﬀective axial thermal
expansion coeﬃcient a1 and the eﬀective shear thermal expansion coeﬃcient a3, respectively. As expected,
the eﬀective Young’s modulus Ey and the eﬀective thermal expansion coeﬃcient a2 keep almost constant as
crack density increases, and have not been shown here. It is seen that all the eﬀective thermoelastic constants
decrease with an increasing crack density except the shear thermal expansion coeﬃcient a3. Very good agree-
ments are observed between the present results and McCartney (1996)’s predictions. Both McCartney’s and
the present models assumed a generalised plane strain deformation. A signiﬁcant diﬀerence between the
two models is that the present solution matched the boundary displacement conditions of the uncracked layers
exactly while McCartney’s solution only satisﬁed those in an average sense.5. Concluding remarks
An existing semi-analytical method (Zhang et al., 2006b), which can predict interlaminar stresses in
cross-ply laminates, has been extended to solve three-dimensional stress singularities near transverse cracks
in angle-ply laminates. A generalized plane strain deformation is assumed in the present analysis. The state
space equation was derived by using Fourier series expansions in the width direction and layer reﬁnement
Table 1
Inter-relationship test results
Crack density (cracks/mm)
0 0.0625 0.125 0.25 0.375 0.5 0.625 0.75
[±0/904]s k = 0.07857
Ex (GPa) 19.3173 18.4586 17.9359 17.0944 16.3369 15.6469 15.0524 14.5814
mxy 0.09070 0.08315 0.07856 0.07116 0.06451 0.05845 0.05322 0.04908
Eq. (38)a N/A 0.07905 0.07905 0.07905 0.07905 0.07905 0.07905 0.07905
Error (%)b N/A 0.62% 0.62% 0.62% 0.62% 0.62% 0.62% 0.62%
[±15/904]s k = 0.05481
Ex (GPa) 18.1180 17.2559 16.7252 15.8810 15.1277 14.4458 13.8600 13.3970
mxy 0.10413 0.09655 0.09188 0.08446 0.07783 0.07184 0.06669 0.06261
Eq. (38)a N/A 0.055211 0.055209 0.055207 0.055206 0.055205 0.055204 0.055204
Error (%)b N/A 0.74% 0.73% 0.73% 0.73% 0.73% 0.72% 0.72%
[±30/904]s k = 0.003412
Ex (GPa) 15.2401 15.2330 14.3584 13.8030 12.9477 12.2042 11.5438 10.9812
mxy 0.12867 0.12861 0.12103 0.11621 0.10880 0.10235 0.09663 0.09175
Eq. (38)a N/A 0.003428 0.003429 0.003431 0.003431 0.003432 0.003432 0.003433
Error (%)b N/A 0.48% 0.50% 0.55% 0.57% 0.58% 0.60% 0.62%
[±40/904]s k = 0.024389
Ex (GPa) 13.2274 12.3144 11.7318 10.8600 10.1214 9.4778 8.9340 8.5055
mxy 0.13565 0.12799 0.12310 0.11578 0.10958 0.10418 0.09962 0.09602
Eq. (38)a N/A 0.024636 0.024638 0.024640 0.024641 0.024643 0.024647 0.024649
Error (%)b N/A 1.01% 1.02% 1.03% 1.03% 1.04% 1.05% 1.06%
a The left hand side value of Eq. (38).
b Error (%) = (The left hand side value of Eq. (38)-k)/k.
Table 2
Eﬀective thermoelastic constants of [0/902]s glass/epoxy laminates
Present McCartney and Schoeppner (2002)
EL(GPa) 16.3489 16.8252
ET(GPa) 35.8573 35.8385
mLT 0.05134 0.052813
aL(10
6/C) 11.1613 11.2744
aT(10
6/C) 11.49697 11.37795
0 1 2 3 4
50
51
52
53
54
55
Crack Density (cracks/mm)
Ε x
(G
Pa
)
Present
McCartney n=5
Fig. 13. Dependence of the eﬀective Young’s modulus of a [45/45/0/90]s carbon ﬁber/epoxy laminate on the density of cracks in 90
layers.
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Fig. 14. Dependence of the eﬀective Poisson’s ratio of a [45/45/0/90]s carbon ﬁber/epoxy laminate on the density of cracks in 90
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Fig. 15. Dependence of the eﬀective shear modulus of a [45/45/0/90]s carbon ﬁber/epoxy laminate on the density of cracks in 90
layers.
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Fig. 16. Dependence of the eﬀective Young’s modulus of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
5514 D. Zhang et al. / International Journal of Solids and Structures 44 (2007) 5499–5517techniques through the thickness. After imposing the boundary conditions of transverse cracks, the stress and
displacement components were ﬁnally solved. The laminate can be subjected to any combination of
in-plane biaxial and shear loading, and the uniform thermal loading was also taken into account. The method
takes into account all independent material constants and guarantees continuous ﬁelds of all interlaminar
stresses across interfaces between material layers.
Based on the numerical solutions of specially designed loading cases, the eﬀective thermoelastic constants of
a cracked laminate can be obtained by using the Classical Laminate Theory. The applications of the method
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Fig. 18. Dependence of the eﬀective shear modulus of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 17. Dependence of the eﬀective Poisson’s ratio of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks in 90 layers.
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Fig. 19. Dependence of the eﬀective shear coupling coeﬃcient of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks in 90
layers.
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data in the literature. It was found that the theory provided good predictions of thermoelastic properties deg-
radation in general symmetric laminates.
The present stress analysis only considered in-plane loading while the out-plane loading, i.e. bending and
twisting, has not been included. As a result, the eﬀective thermoelastic properties related to ﬂexure and twist
have not been presented. The out-plane loading conditions are subjected to further investigation.
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Fig. 20. Dependence of the eﬀective axial thermal expansion coeﬃcient of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks
in 90 layers.
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Fig. 21. Dependence of the eﬀective shear thermal expansion coeﬃcient of a [30/90]s glass ﬁber/epoxy laminate on the density of cracks
in 90 layers.
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